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^ . Abstract 
(N 

I A class of the D = A gravity models describing a coupled system of n Abelian 



vector fields and the symmetric n x n matrix generalizations of the dilaton 
and Kalb-Ramond fields is considered. It is shown that the Pecci-Quinn ax- 
ion matrix can be entered and the resulting equations of motion possess the 
Sp{2n, R) symmetry in four dimensions. The stationary case is studied. It 
is established that the theory allows a cx-model representation with a target 

X" 

' space which is invariant under the Sp[2{n + 1),-R] group of isometry trans- 

formations. The chiral matrix of the coset Sp[2(n + 1), R]/U{n + 1) is con- 
structed. A Kahler formalism based on the use of the Ernst (n + 1) x (n + 1) 
complex symmetric matrix is developed. The stationary axisymmetric case is 
considered. The Belinsky-Zakharov chiral matrix depending on the original 
field variables is obtained. The Kramer-Neugebauer transformation, which 
algebraically maps the original variables into the target space ones, is pre- 
sented. 
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I. INTRODUCTION 



Last years much attention had been attracted by the study of symmetries for gravity 
models arising as the low energy limit of superstring theory ||^. This activity was 
motivated by the problems of supersting theory, as well as by the remarkable results obtained 
for the Einstein and Einstein-Maxwell theories in three and two dimensions. Namely, it had 
been established the chiral matrix formulations for the latter theories in the stationary case, 
and their complete integrability in the stationary axisymmetric case 

Recently it was shown that the simplest string gravity model, the Einstein-Maxwell- 
Dilaton-Axion (EMDA) system, can be represented as the 2x2 matrix generalization of 
the pure Einstein theory [^. It means that one can exchange the complex symmetric 
2x2 matrix, describing the EMDA theory in three dimensions, by the Ernst potential of the 
Einstein theory to obtain this last one from the former system ||22|. Thus, the mentioned 
matrix (the Ernst matrix potential) generalizes the Ernst potential to the EMDA case, 
and both the Einstein and EMDA theories belong to the same class of gravity models. In 



23 1 it was shown that the established analogy is even the more complete one, and can 



be naturally prolonged to the stationary axisymmetric case. It had been shown, that the 
EMDA system, as the Einstein theory, allows both the target space representation and the 
formulation based on the use of the original field components. These two formulations are 
differentially related in three dimensions and can be algebraically mapped one into another 



in two dimensions [^. This map is known as the Kramer-Neugebauer transformation for 



the stationary axisymmetric Einstein equations its existence is an important property 
of the theory p5| . 

The formal properties of the EMDA theory do not actually depend on the Ernst matrix 
potential dimension and it is possible to consider a series of similar gravity models in three 
and two dimensions. All these models exist as the chiral ones and possess the remarkable 
features of the Einstein theory. But first of all one must give the answer to the question 
what kind of the four-dimensional theories being reduced to three and two dimensions lead 
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to such models. 

In this paper we present such a class of four-dimensional theories. Any theory generalizes 
the EMDA system by the following way: here the dilaton and Kalb-Ramond fields become 
the n X n symmetric matrices, and instead of the Maxwell field one has the column of n 
Maxwell fields (thus, the EMDA theory corresponds to the case of n = 1). 

It is shown that one can introduce the Pecci-Quinn axion matrix for an arbitrary n > 1 
and that the resulting equations of motion possess the Sp{2n, R) hidden symmetry. This fact 
generalizes the one for the EMDA theory which Sp{2, R) ~ SL(2, R) symmetry is known 
as the ^-duality ||2^. Also it is shown that the model admits the discrete symmetry 



transformation which had been named as the "strong-weak coupling duality" for the low 
energy heterotic string theory with moduli fields in four dimensions 0. 

In the next section we consider the stationary case and reduce the four-dimensional 
model with an arbitrary n to three dimensions. We use an approach which was firstly 
formulated by Israel and Wilson for the Einstein-Maxwell theory in and recently had 



been generalized to the EMDA theory in [PUI. It is shown that the system under consideration 



allows the cr-model representation with a symmetric target space, which is a natural matrix 
generalization of the EMDA one. 

Then, the Kahler formalism based on the use of the (n + 1) x (n + 1) Ernst matrix 
potential is developed. It is shown that the motion equations become the matrix-valued 
Ernst equation. The chiral 2{n + 1) x 2{n + 1) matrix constructed on the real and imag- 
inary parts of the Ernst matrix potential is presented. This matrix belongs to the coset 
Sp[2{n + 1), R]/U{n + 1), and the established chiral formulation possesses the Sp[2{n + 1), R] 
group of symmetry transformations. The corresponding transformations for the Ernst matrix 
potential have the "matrix-valued SL{2, R) form" and directly generalize the transforma- 
tions for the Einstein theory. Also it is shown that the Sp{2n, R) symmetry, corresponding 
to the one of the four-dimensional motion equations, exists as the subgroup of the complete 
Sp[2{n + 1),-R] symmetry group. At the end of the section the discrete transformation, 
which is the analogy of the strong-weak coupling duality for the low energy heterotic string 



theory in three dimensions 0], is presented. 

In the following section we demonstrate some new features of the model, which arise in 
the stationary axisymmetric case. It is established that the theory allows the alternative 
Ernst -like formulation using two real (ra + 1) x (n + l) matrices, which are the nondualized 
(i.e., depended on the original non-target space field components) analogies of the Ernst 
matrix and its complex conjugation. These two real matrices are used for the construction 
of the new 2{n + 1) x 2{n + 1) chiral matrix which coincides with the Belinsky-Zakharov 
one for the case of the Einstein theory (see also for the EMDA theory case). This new 
matrix undergoes the same Sp[2{n + 1),R] transformations as the coset chiral matrix under 
the action of the isometry group. The above mentioned real Ernst-like matrix potentials 
transform as their complex Ernst analogies. 

At the end of the paper we present the Kramer-Neugebauer map for an arbitrary n. It 
turned out that this transformation has an especially simple form in terms of the real and 
complex pairs of the Ernst matrix potentials. 



II. FOUR DIMENSIONAL EQUATIONS 

In this paper we consider a class of gravity models with the action 

'S = Jd'x\g\H-R + Tr[^idpp-'r-pFF^ + ^{pHf]}, (1) 

where R is the Ricci scalar for the metric gf^i,, (/i = 0, 3); = df^A,^ — duA^ and 

H^,x = d,,B,x - \ (A^Fjx + F^xAl) + cychc. (2) 

Here the symmetric n x n matrix p is constructed on the scalar field components {p = e"^*^ 
for the EMDA case, where (p is the dilaton field), B^iy is the symmetric n x n matrix which 
contains the antisymmetric tensor Kalb-Ramond fields (i.e., = B^^ and B^^, = —B^^), 
and A^ is the n x 1 column of the Abelian vector fields. This action describes the Einstein 
and EMDA theories in the cases of n = and n = 1 respectively and provides their natural 
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generalization for an arbitrary n. The models of such type arise in the low energy limit of 
the heterotic string theory after the compactification of extra dimensions on a torus [|T|- . 

As it has been done for the EMDA theory and for the string gravity with moduli fields, 
one can establish an alternative formulation of the problem which is connected with the 
dualization of the axion field -ff^j^A in four dimensions. Namely, using the first equation of 
the Euler-Lagrange ones, 

^^(pi/^'^p) = 0, (3) 



^,ipFn + IpH'^'F,, = 0, (4) 



VJP + pFF^ - hpHf = 0, (5) 



R,, = Tr[hlJl - 2piF^,F'''' - \g,.FF^) + pH^x.pH^'' - Ig^.ipHf] (6) 



where = {Vp)p ^, it is possible to introduce the symmetric pseudoscalar matrix q, 

generalizing the Pecci-Quinn axion field. It satisfies the relation 

- +pFF^ = 0, (8) 

where = (Vq)p^^ and F^'^ = ^E^^^^" F\„, which together with Eqs. (4)-(6), rewritten 
using Eq. (7) as 

V^(pF'^^ + gFn = 0, (9) 

V + [J^f + pFF^ = 0, (10) 



R,^ = Tr[^iW + W) - MF,xFK - \9,uFF^)] (11) 
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form the complete system for the action 

^S = J rf^xl g \H-R + Trl^ary + {J'^f) - pFF^ - gFF^]}. (12) 

The action of this type firstly was considered by Breitenlohner, Gibbons and Maison in 
where some remarkable properties of the model had been established. 

The main purpose of this paper is to show a complete formal analogy between the series 
of models describing by the action (1), and the Einstein theory in three and two dimensions. 
However, the simplest representative of the series, which possesses all the typical properties 
in four dimensions, is the EMDA theory. Namely, let us establish the symmetries of the 
theory for an arbitrary n>l. To do it one can introduce the complex variables 

z = q + ip, (13) 
^=l(F + zF). (14) 

Then the set of motion equations obtains the form: 

V^izJ^'"' - zT^"") = 0, (15) 

vr - rir - r) - ^{z - z)tt^ = o, (le) 

R^, = Tr{2JlJ-t,) + i{z - z){r^xr+u^ + Z-^^^..^)}, (17) 

where = Vz{z — z)~^ (see also for the EMDA case). 

It is not difficult to prove using a straightforward calculation that these equations are 
invariant under the transformation 

z ^ s'^iz'^ + l)-^s + r, ^ s-\l + lz)T, (18) 

where the constant matrices = r, = I and s are real. The former formula from (18) 
also can be rewritten using the following 2n x 2n matrices 



m 



( -1 -I \ 

p p q 

qp-i p _|_ qp-^q 



(19) 



(see the similar matrix for the Einstein-Dilaton-Axion theory in 



/ 



T\-l 



S + l{s 



(20) 



as 



m ^ g mg. 



(21) 



The above introduced matrix g satisfies the relation g^jg = j, where 

(o-A 

I 



V 



f22) 



and / is the unit matrix, so that g G Sp{2n, R) (also from the relations rn^jm = j and 



m 



m it follows that m G Sp{2n, R) /U{n) , see the third chapter for details). Thus, the 



motion equations possess the Sp{2n, R) symmetry for an arbitrary n > 1. 

Not all the symplectic transformations (21) can be represented in the Gauss decomposi- 
tion form (20). For example, one can prove that j G Sp{2n, R), but only the limit procedure 
defined by the matrices / = — r = s ^ oo allows to obtain the matrix j from Eq. (20). The 
corresponding map is m — >^ m^^; and using complex variables one has: 



(23) 



It is not difficult to prove that this transformation is actually the symmetry transformation 
for the equations (15)-(17). The map (23) generalizes the strong-weak coupling duality of 
the EMDA theory to the case of an arbitrary n. It has the same form as the transformation 
established for the low energy heterotic string theory with moduli in four dimensions 0. 

It is easy to see that only the GL(n, R) subgroup of the complete Sp\2{n + 1), _R] group, 
defined by a matrix s, preserves the action (12) which can be rewritten as 



S = I d^xl g \ ^{-R + Tr[2rr + %{zTT'^ - zTT^)W 



(24) 



The situation is the same one as for the EMDA theory which possesses the 5*^(2, R) ~ 
SL{2,R) symmetry only for the motion equations |2^- This symmetry is connected 



with the notable 5'-duahty for the low energy heterotic string theory. The subgroup SL{2, Z) 
of the group SL{2, R) is an exact symmetry for the heterotic string in four dimensions 0. 

Also one can see that the discussed models do not possess any analogy with the T-duality 
transformations 0, thus the established Sp{2n,R) symmetry is the single non-trivial one. 



III. REDUCTION TO THREE DIMENSIONS 

In this section we study the stationary case using the classical approach of Israel and 
Wilson p^. This method also had been explored for the EMDA theory analysis p9|; its 



application to the string gravity with moduli fields one can find in [Q. 

First of all, it is convenient to parametrize the four-dimensional line element as 

dsl = g^^dx^'dx" = f{dt - uJradx'^f - f-^h^r.dx'^dx^, (25) 

where m = 1,2,3. (In this section all vector variables, as well as the operator V, will be 
related with the three-metric hmn)- 

Then, the = m component of Eq. (9) allows to introduce the magnetic potential u 
according to 

pprnn ^ ^pmn ^ _}_f^mnk^^^^ (26) 

v2 

while for the electric potential v we put 

Using the relations [EHl F^™ = cu„F™" + h^^T^o and = f'^h^kKiF^^ + 2For™cj„i, it is 



possible to rewrite the /i = component of Eq. (9) as 

V[f'\pVv - qp-\Vu - qVv))] = -f-^rVu, (28) 

where r = — /^V x u. The second electromagnetic equation can be obtained from the 
Bianchi identity Fi^rnn,k] = 0; the result is: 
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V[/"V^(Vii - gV^;)] = f-^rVv. (29) 

The equations (8) and (10) transform to 

VJ« - JPJ'^ - r^[{Vu - qVv)Vv'^ + pVv{Vu - qVvfp-^) = 0, (30) 
VJP + {J^f + r^\pVvVv'^ - {Vu - qVv)(Vu - qVvfp-^] = 0. (31) 

Then, the (^)-component of the Einstein equations (11) means the existence of the 
rotational potential x 

Vx + v'^Wu - u^Wv = f, (32) 

which accordingly with the definition of r satisfies 

V[/"^(Vx + v'^Vu - u^Vv)] = 0; (33) 

while the (oo)-component of Eq. (11) leads to the following equation for the function /: 

/VV - (V/)^ + (Vx + v^Vu - u'Vvr - 
f\Wv^pVv + {Vu - qVvfp-\Vu - qVv)] = 0. (34) 

Finally, the (""' )-component of Eq. (11) after the lowering of the three-dimensional indexes 
takes the form: 

Rmn = '^^[Jm'^n + •^m'^n] + Ij^f [f,mf,n + TmTn] 

- f~^['"%J^'^,n + (U^rn " QV ,m)'^ p'^ (u ^ri " ?^^,n)], (35) 

where is constructed using the metric hmn and Tm is given by Eq. (32). 

One can prove that Eqs. (28)-(31) and (33)-(35) are the Euler-Lagrange ones for the 
action 

^S= [ Sxh^{ -^R+ \Tr[{JPf + [J'if] + \f-\Vff + (Vx + v^Vu - u^Vvf] 

J Zi Zi 

- /~MV^;^pVv + i^u - qVvfp-\Vu - qVv)]}. (36) 
Hence, this system allows the sigma-model representation in the stationary case. 



This result contains the one for the EMDA theory |2^- ||3^, which admits some compact 
matrix formulations. To establish them for an arbitrary n, it is convenient to introduce the 
complex potentials 



$ = M — ZV, 



£ = if-X + f 



(37) 



which together with the matrix z, entered before (13), form the set of Ernst-like potentials 



33|- ||3^ for this problem (see also for the EMDA case). These potentials can be 



combined into the following {n + 1) x [n + 1) symmetric matrix 

$3 



E 



.A 



—z 



(38) 



which provides the Kahler representation of the model. Namely, it is easy to check that 



'5 = 1 d^xh^-^R + 2Tr(J^J^)}, 



(39) 



where = VE{E — E) ^ and the 2-form K. = 2iTr{J'^ Aj'^), corresponding to the target 
space metric c?/^ = 2Tr{J^ J^) with = dE{E — E)~^ , is exact. The Kahler formulations 



of the Einstein and Einstein-Maxwell theories are well known in the literature [IGl. The 



another examples of the Kahler systems one can find in 
The equations following from the action (39) 



(40) 



Rn 



2Tr( J(-^ J„^^ 



(41) 



coincide with the Ernst ones |3^ in the case of n = 0. Thus, it is natural to name the matrix 
function E as the "matrix Ernst potential" for an arbitrary n. This Ernst-like representation 
for the model provides the above mentioned complete formal analogy between it and the 
Einstein theory in the stationary case. 

Then, using the real and imaginary parts oi E = Q + iP, 
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£ T T \ 

J ~ V pv —v p 



Q 



v'^w — X 



w 



V 



-pv —p j 

where w = u — qv, one can rewrite the action (39) as 



w 



(42) 



^S = J d?xh^{-^R + ^rr[(J^)2 + (J«)2]}, 



(43) 



with = (VP)P-i and J« = {VQ)P~\ 

Now let us estabhsh an alternative matrix formulation of the problem based on the use 
of the original non-target space variables. One can see that the first equation of motion 
corresponding to the action (43), 



VJ^ - J^J^ = 0, 



(44) 



V + ( J«)' = 0, 



(45) 



(46) 



being written as V[P"^(V(5)P"^] = 0, ensures the compatibility condition for the relation 



(47) 



which defines the vector matrix Q. Then, using the relations (7), (26), (32) and the definition 
of r one obtains the explicit form of this matrix: 



w -V2{A + Aooof 

-V2{A + Aouj) 2B + {A + Aou)Al + AoiA + Ao^f 



(4J 



where Bm = 2Pom- It is easy to see that the matrix Q consists of the original field variables 
from Eqs. (1) and (2) which had been named as "nondualized" ones in for the case of 
the EMDA theory. 

The remaining components of the Kalb-Ramond field Bmn = \ErnnkC^ satisfy the non- 
dynamical equation 
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V C = {V[B xu] + [B - {A + Aou))A^ - Ao{A + Aouy]V x 



UJ 



+ {A + AqCu)V X {A + AoCuf} + V X (A + AqCu){A + Aoujf, 



(49) 



as it follows from Eqs. (7) and the t-independance of the q. 

Then, it is easy to see from Eqs. (47) that the matrices P and Q satisfy the relation 

— * ^ — * 

V X [PV X (Jl)i-*] = which also can be rewritten using the matrix current J = PV x Q 
as 



V x - x = 



(50) 



This relation together with Eqs. (45) and (46), expressed in terms of the matrices P and fl, 



vj^ + (j^y = 0, 



(51) 



(52) 



form the set of motion equations for the action 



(53) 



thus these matrices provide an alternative Lagrange formulation of the theory under con- 
sideration. 

To establish the symmetry group of the system, it is convenient to introduce the 
2{n + 1) X 2{n + 1) symmetric matrix 



M 



P-^ P-^Q 
yQP-i P + QP'^Q) 

which possesses the symplectic property 



(54) 



M'^JM = J, where J 



(55) 



Then the action (43) obtains the form 
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'S = J £xhH-'R + lTr[(J*^)2]}, 
where J^^ = VMM~^, and the corresponding equations of motion are: 



(56) 



VJ^^ = 0, 



(57) 



mn , J- I ['J'rn '^n J • 



(58) 



It is known that in the case of n = (for the Einstein theory) a matrix M belongs 
to the coset Sp{2,R)/U{l) (or, equivalently, to the SL{2, R)/0{2)) [T|]. Also, it has been 



estabhshed that for the EMDA theory one has M G Sp{A,R)/U{2) [|22[, H. Hence, it is 
natural to suppose that M e Sp[2{n + 1), R]/U{n + 1) for an arbitrary n. 

This supposition really takes place and the local isomorphism can be established as 
follows. One can see that a matrix M remains symplectic and symmetric under the trans- 
formation 



M G^MG 



(59) 



with an arbitrary symplectic matrix G. It means that the group of the isometry transfor- 
mations for the action (56) is isomorphic to Sp[2{n + 1),-R]. The set of the corresponding 
generators T = G — I can be obtained from (59); the result is: 



r 



V 



(60) 



where {n + 1) x [n + 1) infinitesimal matrices Tfj and Tl are symmetric, and Ts is an 
arbitrary matrix of the same dimension. Then, to obtain the coset, one must remove all 
the antisymmetric generators from eq. (60), i. e., to exclude the set of generators which is 
defined by the matrix 



r 



(61) 
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where T'g = —Ts and = Tr. 

From the other hand, the generators u of the group U{n + 1) can be found from the 
relation U^U = / in the infinitesimal case of f/ = I + u. The result is: 

u = ui + iu2, (62) 

where = —Ui and = U2 are the real (n + 1) x (n + l) matrices. Now one can prove using 
a straightforward calculation of the commutators for the corresponding generators that the 
waiting isomorphism can be defined as 

f s = ui, Tr = U2. (63) 

Now let us establish the action of the Sp[2{n + 1), i?] group of the isometry transforma- 
tions on the Ernst matrix potential E. One can see that the matrix 



G 



L{S^y' S + L{S^)-'R 



(64) 



with = R and L'^ = L possesses the symplectic property and describes all the belonging 
to Sp\2{n + 1),-R] transformations which can be continuously connected with the identical 
one. It is easy to show that the corresponding transformation for the matrix E is 

E S'^{E-^ + L)-^S + R. (65) 

Thus, the matrix E undergoes the "matrix-valued SL{2, R)" transformations which are the 
matrix generalizations of the SL{2,R) ones for the Einstein theory. Namely, the transfor- 
mation defined by the matrix L is the matrix generalization of the Ehlers one [^, while the 



matrices S and R define the transformations which generalize the rescaling and gauge shift 



correspondingly for the stationary Einstein system [|12 . 

The transformation (65) has the same form as the transformation for the matrix z in 
Eq. (18). It is not difficult to prove that one can identify the Sp{2n,R) subgroup of the 
complete group Sp[2{n + 1), -R], defined by the matrices 
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U 












u 


°1 


L = 












R = 










') 






') 






rj 



where = I and r'^ = r, with the Sp{2n, R) symmetry transformations (18) of the motion 
equations (15)-(17) in the stationary case. 

As an example of a symplectic transformation which can not be represented in the 
form of (64), one can take the matrix J. It is easy to see that the corresponding map is 
M — >■ and its complex representation has the form E —E~^. This transformation 
can be obtained from the decomposition formula (64) using the limit procedure as it has 
been done in the four-dimensional case. It also provides an analogy with the strong-weak 
coupling duality transformation of the low energy heterotic string theory with moduli in 
three dimensions [Q. 

At the end of this section we want to note that all the transformations discussed here 
preserve both the actions and the corresponding sets of motion equations. 

IV. TWO DIMENSIONAL CASE 

In this section we consider some additional properties of the theory which arise in the 
stationary and axisymmetric case. 

Here one can parametrize the three-dimensional line element in the Lewis-Papapetrou 
form: 

dsl = e^^dp" + dz^) + p'd^^. (67) 

Then Eq. (57) transforms to 

V(pJ^O = (68) 
which is the Euler-Lagrange equation for the action 

'S = \j dpdzpTT[{j'^n (69) 
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while the Einstein equations (58) become the relations defining the function 7: 

7, = {Tr[jfJ^l (70) 

(the operator V is connected with the flat metric 5ab in this section). 

The remarkable fact is that one can obtain the another chiral matrix for the stationary 
axisymmetric equations of the problem. To make it, we firstly consider the formalism based 
on the use of the matrices P and Q. It is easy to see that the (/9-independent equations of 
motion (44)-(45) take the form 

V(pJ'3) _ pjPjQ = 0, (71) 



V(pJn+p(J«)^ = 0, (72) 
and can be derived from the action 

25 = 1 1 dpdzpTr[{jy + (J«)2]. (73) 
Also, from Eq. (46) one obtains: 



7,^ = ^Tr[J^J^ + J?J% (74) 

Pr 



2 



The equation (71), being written as V[pP ^(VQ)P ^] = 0, provides the compatibility 
condition for the relation 

Vn = pP-\VQ)P-^ (75) 



which defines the symmetric matrix f2 (here, accordingly with |]I2[, Vp = and = — Vp). 
Then, using a straightforward calculation one obtains that 

n = (76) 

16 



It is easy to see that the compatibihty condition for the relation (75), rewritten as 
VQ = —p~^P{yVt)P, and the equation (72), expressed in terms of the matrices P and 

V(p-V^)+p-V^J^ = 0, (77) 

V(p-V^)+p-^(j")2 = 0, (78) 
form the Euler-Lagrange set of equations for the action 

'S^\j dpdzTrWy - p-\jyi (79) 
where = PVJl. Also one can see from Eq. (49), that VC — and, fixing a gauge, it is 

— * 

possible to put C = without lose of generality. Then, for the function 7 one has: 

r. = \Tr[pJ^J^-p-'Jp% (80) 
7,p = \Tr[p{{J^f - {J!f)+P-\{J^? - {J^n. 

The new chiral matrix can be defined as follows 

( r> ^ po \ 



N 



P ~PQ 

y -np npn - p'^p-^ j 



(81) 



It satisfies the equation 

V[pJ^] = 0, (82) 
where — VNN~^, while the relations for the function 7 are: 

rp=^rr[(j;)^-(jf)^], (83) 

with 



r = 7- 



(84) 



It is easy to check that the introduced symmetric matrix satisfies the non-group 
relation 

NJN = -p'^J (85) 

which is equivalent to the normalization condition detN = —p^ in the case of the Einstein 
theory (see also for the EMDA case). 

An analogy between the model under consideration and the Einstein theory allows to 
establish one additional property of the system. Namely, the relation (75) provides the 
differential correspondence between the formulations of the problem based on the use of the 
dualized matrix Q and the original one Vt. The remarkable fact is that also there is a pure 
algebraical map 

P pP-\ Q in, (86) 

which directly transforms the equations (71)-(72) into the ones (77)-(78). The corresponding 
transformation for the function 7 is: 

n+l 

where 7^ is connected with matrices P and fi, and 7*^ is related with the formulation using 
P and Q. The map (86) coincides with the Kramer-Neugebauer transformation in the cases 
of n = 1^ and n = 1 |Q and can naturally preserve this name for an arbitrary n. 

Now let us establish the action of the Sp[2{n + 1),-R] group on the matrices P and Q. 
To make it one can introduce the matrices 

E± = n±pP-\ (88) 

It is easy to check that the matrix A^ remains symmetric and preserves the property (85) 
under the transformation A^ G^NG with an arbitrary symplectic matrix G. Then, in the 
case of the matrix G, possessing the decomposition property (64), one has: 

E± S^{E^^ + Ly^S + R. (89) 
18 



Thus, the real nonduahzed matrix variables E± transform under the Sp[2{n + 1),R] group 
of transformations as the matrix Ernst potentials E and E. 

The entered matrices E±, being the analogy for the Ernst ones E and E, provide also 
the compact Lagrange formulation of the problem. Namely, one can check that the action 
(79) can be rewritten as 

^S = -2j dpdzpTr[J^+J^-], (90) 

where J^± = {E± - E^)-^VE± - \V p. 

Also one can see that the above established Kramer-Neugebauer map has an especially 
simple form in terms of the Ernst matrices E, E and their real analogies E^: 

E^iE+, E^iE_. (91) 



V. CONCLUSION 

In this paper we have considered a class of gravity models with the Einstein theory as the 
first representative, the EMDA theory as the second one, etc. It is shown that all the models 
have the same formal properties which are the natural matrix generalizations of the ones for 
the Einstein theory in three and two dimensions. Namely, the substitution P /, Q —>■ X 
and Q uj (or Q —>■ uj in the stationary axisymmetric case) directly transforms all the 
relations for n > 1 to the Einstein theory relations. An analogy established here is even a 



more complete one, and it is possible to develop the Hauser-Ernst formalism [0, [jT9| and 
to construct the Geroch group [§- in the stationary axisymmetric case for the model 
with an arbitrary n. 
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